Rotation measure (RM) synthesis maps of NGC 4631 show remarkable sign reversals with distance from the minor axis in the northern halo of the galaxy on kpc scales. To explain this new phenomenon, we solve the dynamo equations under the assumption of scale invariance and search for rotating logarithmic spiral solutions. Solutions for velocity fields representing accretion onto the disk, outflow from the disk, and rotationonly in the disk are found that produce RM with reversing signs viewed edge-on. Model RM maps are created for a variety of input parameters using a Faraday screen and are scaled to the same amplitude as the observational maps. Residual images are then made and compared to find a best fit. Solutions for rotation-only, i.e. relative to a pattern uniform rotation, did in general, not fit the observations of NGC 4631 well. However, outflow models did provide a reasonable fit to the magnetic field. The best results for the specific region that was modelled in the northern halo are found with accretion. Since there is abundant evidence for both winds and accretion in NGC 4631, this modelling technique has the potential to distinguish between the dominant flows in galaxies.
INTRODUCTION
Recent radio continuum observations of edge-on galaxies have revealed remarkable results. Although large-scale regular magnetic field structures have been observed before in galaxy halos (eg. X-type fields, see Stein et al. (2019) , Krause et al. (2006) and examples below), it is only recently that observational data have allowed us to probe the magnetic field component parallel to the line of sight via rotation measures (RMs) in faint galactic halos. RM synthesis (Brentjens & de Bruyn 2005) has ensured that the data can be fully exploited to best advantage. The physical quantity of interest is the Faraday depth which is the product of the line of sight component of the magnetic field, B , (the 'parallel' magnetic field), and the electron density, ne. The parallel field can be positive or negative depending on whether it points towards or away from the observer, respectively 1 . In Fig. 2 Stein et al. (2019) for more details on RMs and how they are determined. Partiarroyo et al. (2019) (see also Fig. 6 .10 from MoraPartiarroyo (2016) ) showing a Faraday depth map, produced using RM synthesis, of the edge-on galaxy, NGC 4631, which has a strong, well-known halo. In this figure, blue represents negative Faraday depths and red represents positive Faraday depths. Consequently, the direction of the magnetic field weighted and integrated along the line of sight points away from the observer (blue) or towards the observer (red). As can be seen, in the northern halo (on which a box has been drawn) there are regular sign reversals of the Faraday depth as one scans in the east-west direction. These sign reversals are naturally explained by a regular halo magnetic field that is alternating its azimuthal direction on kpc scales in the galaxy. This is a new phenomenon, never before observed in the halo of a galaxy.
In the following, we refer to magnetic field reversals when we refer to this observational phenomenon and this paper attempts to explain those reversals (see below). Similar results have been seen in the disk of the face-on galaxy, NGC 628, as shown in Figs. 18 and 26 of Mulcahy et al. (2017) and also more recently in the disk of the edge-on galaxy, NGC 4666 (Stein et al. 2019) . For the latter galaxy, the field direction also flips across the major axis of the galaxy. However, prior to the NGC 4631 result, no such phenomenon was seen in galactic halos. Many of the 35 edge-on galaxies observed in the CHANG-ES survey (Irwin et al. 2012 ) also show clear magnetic field reversals in the Faraday rotation maps and will be the subject of future work. Thus reversing magnetic fields may be a common characteristic of galaxies, although not seen prior to the CHANG-ES survey.
A variety of both empirical and dynamo models for the structure of magnetic fields exists; examples include: Sun et al. (2008) , Jaffe et al. (2010) , Jansson & Farrar (2012) , Ferrière & Terral (2014) , and Terral & Ferrière (2017) . These models recreate magnetic fields in galaxies using various observations of the Milky Way as well as external galaxies. While these models have had some success, the fits use various inputs that may not necessarily be related to ISM parameters. They are motivated primarily by observations, but are not derived from first principles.
In recent work authors Terral & Ferrière (2017) applied their empirical model to observations of the Milky Way to uncover the large scale magnetic field structure. They found that the magnetic field in the galactic halo is more likely to be bisymmetric than axisymmetric (see Fig. 1 ). This is because their bisymmetric model would show an X-shaped field if viewed externally and edge-on. X type behaviour is well known from previous work for edge-on external galaxies (Tüllmann et al. 2000 ; Krause et al. 2006; Heesen et al. 2009; Braun et al. 2010; Soida et al. 2011; Haverkorn & Heesen 2012) . It should be noted that the model used by the authors was limited by the assumption that the magnetic field is non-helical when projected on cones. X-shaped magnetic field structures is featured in a wide range of magnetic configurations showing spherical and quasi-spherical geometry (e.g. Brandenburg et al. 1992 Brandenburg et al. , 1993 . Van Eck et al. (2015) used observations from 20 nearby galaxies to determine statistical properties of galactic magnetic fields and matched these with predictions of galactic dynamo theory. Similar analysis was performed in Chamandy et al. (2016) where pitch angles of observed galaxies are compared to α 2 Ω dynamos and reasonable agreement is found. Papers such as Chamandy (2016) and Chamandy et al. (2014b) used various approximations such as saturisation of small time-scales to produce approximate solutions that are axisymmetric.
The well studied dynamo theory (e.g. Klein & Fletcher 2014 , for a brief summary) has made relevant predictions concerning X-type fields (e.g. Brandenburg et al. 1992 ) in halos and disks of galaxies and sign changes in the halo as a function of height above the disk (Henriksen 2017b , and references therein). However the theory is largely numerical and so is difficult to apply without intimate knowledge of the appropriate code.
In this paper, we replace many assumptions by the one assumption of scale invariance. The justification is that complex, self-interacting, dynamical systems frequently develop this symmetry (Barenblatt 1996; Henriksen 2015) . Moreover this assumption allows a relatively simple, semi-analytic, magnetic field description that is a solution of the classical dynamo equations. The ability to search through parameter space is illustrated by the multiple examples in Appendix A. In this sense we see it as a first step beyond the empirical models. Much of the detailed justification and comparison with earlier work is already included in Henriksen (2017b) and Henriksen, Woodfinden & Irwin (2018) .
Using the assumption of scale invariance the classical dynamo equations show again that one can produce Xshaped magnetic fields, establish 'parity' changes in a given halo quadrant, and predict the field reversals in galaxy halos, as seen in NGC 4631. The technique is similar to the study of axi-symmetric dynamos from Henriksen, Woodfinden & Irwin (2018) . In the current paper we search for general azimuthal modes and so include both axially symmetric (m = 0) and higher order modes. We find that a combination of axi-symmetric and bi-symmetric modes (m = 1, see Fig. 1 for the distinction) are required at minimum to fit the various symmetries across quadrant boundaries. There are RM sign reversals in the same quadrant in the pure axially symmetric mode (Henriksen, Woodfinden & Irwin 2018, Figs. 1 and 4) , but such reversals do not correspond to the multiple regular RM reversals seen in Fig. 2 . This is strong evidence for the bi-symmetric mode (or higher). While such magnetic field geometry has not so far been unambiguously detected in face-on galaxies (Beck 2015a,b) , Fletcher et al. (2011) found that a bisymmetric spiral mode can fit observations of the face-on galaxy M51.
In Sects. 2 and 3, we lay out the relevant theory within a self-similar framework. Fields generated by classical dynamos are derived showing evolving and rotating magnetic fields with different azimuthal modes. The fields tend to have Mora-Partiarroyo et al. (2019) . Faraday depth was clipped at 5σ of polarized intensity. All data plotted have an angular resolution of 20.5 FWHM. The maximum error in this figure is about 80 rad/m 2 and decreases to about 20 rad/m 2 in areas of high polarization. The red box displays regions showing magnetic reversals in the Northern Halo that is used in the analysis. The median and standard deviation for this region is shown in the label on this figure and this region has a median error of 29.1 rad/m 2 . This figure was rotated by 5 • as per the position angle of NGC 4631 Mora & Krause (2013) . The black lines on this figure show the major and minor axis of the galaxy, note however that there is some curvature to the major axis of this galaxy. spiral projections on cones about the minor axis as well as when projected onto the galactic plane. However the combined poloidal and toroidal structure of the field can be quite complex. Sample rotation measure (RM) screens for face-on galaxies are also presented.
In Sect. 4 we fit the RM screens produced by the evolving, scale invariant, magnetic fields to the Faraday rotation map of NGC 4631 seen in Fig. 2 . We show the best fit results and the magnetic field that produces these fits.
Sect. 5 presents a comparison with previously published work and in Sect. 6 we present our conclusions regarding the fits to NGC 4631.
In Appendix A we summarize the important physical results for face-on and edge-on cases. These results will highlight the RM screens produced from a variety of velocity fields (e.g. inflow and outflow for a galaxy). RM screens for both face-on and edge-on cases will be explored.
SCALE INVARIANT, EVOLVING, MAGNETIC DYNAMO SPIRAL FIELDS
We refer to the classical mean-field dynamo equations (Moffatt 1978) in the form for the magnetic vector potential (Henriksen 2017b )
A modern discussion of the limitations of this equation is sumarized in chapter 6 of Klein & Fletcher (2014) . Scale invariance provides descriptions of the basic parameters α d , η, and v, but without the detailed physics. Scale invariant solutions are used in this work due to their simplicity, reproducibility, and ability to be easily tested against observational predictions. The solutions contain helicity that is present on all scales, which are coupled in time. It is important in the technical part of what follows to observe that the time derivative in this equation is taken at a fixed spatial point. We do not therefore differentiate the unit vectors. In (1) v is the mean velocity, η is the resistive diffusivity, α d is the magnetic 'helicity' resulting from a helical sub-scale magnetohydrodynamic velocity, and A is the magnetic vector potential. The quantity α d may be positive or negative (e.g. Moffatt 1978 , but we take it as positive in this work). Formally, η is the Ohmic diffusivity c 2 /(4πσ) in terms of the electrical conductivity σ, but it can be interpreted also as a turbulent diffusivity of the form vt given a turbulent velocity vt and spatial scale . The sub-scales associated with the 'helicity' and the 'diffusivity' may not always be identical.
Under the assumption of temporal scale invariance employed here, the amplitude time dependence will simply be a power law or (in the limit of zero similarity class a -see below) an exponential factor. Hence the spatial geometry of the magnetic field remains 'self-similar' over the time evolution, and we can therefore study the geometry without requiring a fixed epoch. However our phase dependence includes a rotation in time (see the definition of the variables Φ and κ below), which is an explicit description of 'rotating magnetic spirals' in some background frame of reference. Although the global geometry is self-similar, any particular line of sight through the field may detect a different aspect of the spiral structure. The pattern angular velocity of the magnetic arms need not be the same as that of the stellar spiral arms. Indeed Mulcahy et al. (2017) show that this is the case observationally. This implies a time dependent phase difference between the two types of arms, which will only occasionally be zero. Should the magnetic spiral pattern speed be equal to that of the stellar arms, a constant phase shift is still possible.
Our short hand reference to 'rotating magnetic spirals' is slightly misleading, as is our occasional reference to the field being 'wound on cones'. In fact it is the projections of the field on cones symmetric about the galactic minor axis (including the galactic plane as a limiting such cone) that show spiral structure. The three dimensional magnetic field is certainly not constrained to lie solely on cones (neither in fact is the vector potential), as can be seen at lower left in Fig. 3 below.
The compatible time evolution of the quantities α d , (and η when that is retained) and the mean flow velocity v is also given by the scale invariance. This removes the necessity of arguing in detail about the physical origin of these quantities although their relative importance is an essential parameter. Ultimately these various time dependences can be used to relate the current field amplitude to a 'seed magnetic field', but we leave the restrictions on the value of this seed field to another work.
The form of the scale invariance is found following Carter & Henriksen (1991) and Henriksen (2015) . We introduce a time variable T along the scale invariant direction according to
whereα d is a numerical constant that appears in the scale invariant form for the helicity, α d , which form is to be given below. The constant numerical factorα d in Eqn. 2 is purely for subsequent notational convenience. The quantity α should not be confused with the helicity as it is an arbitrary reciprocal time-scale used in the scaling. The cylindrical coordinates {r, φ, z} are transformed into scale invariant variables {R, Φ, Z} 2 according to Henriksen (e.g. 2015) 3 r = Re δT ,
where δ is another arbitrary reciprocal time-scale that appears in the spatial scaling, and /δ is a number that fixes the rate of rotation of the magnetic field in time. We add q to the arbitrary /δ for subsequent algebraic convenience (see Eqn. 8 below). It should once again be emphasized that the quantities {R, Φ, Z} or some combination of these quantities, when used in the dynamo equations guarantee scale invariant solutions (e.g. Henriksen 2015) . They are not to be applied to the geometrical structure of the background galaxy. The implications for the galaxy are through the forms required for the sub-scale helicity and diffusivity, as well as for velocities measured in some reference rotating frame. These can be quite general in spatial form (see e.g. the comment after Eqn. 11, but they are reduced to functions of simple radius in this paper.
Our theory does not give a value either for the rotational velocity of the magnetic field or for the magnetic spiral pitch angle,1/q . The latter seems to be similar to that of the stellar spiral arms while the magnetic pattern velocity may need considerations of outflow such as found in Moss et al. (2013) and Chamandy et al. (2014a) . In this latter connection if outflow above and below the disk arises from the active star formation part of the stellar arm (backside), then at less than the escape velocity it may lag the stellar arm to fall back somewhere behind the arm. This spiral arm based 'champagne flow' will create an amplified magnetic arm where it accretes. This will be at a phase shift relative to the stellar arm of roughly Ωs d/w where w is the outflow velocity, d is the radio scale height, and Ωs is the pattern angular velocity of the stellar arm. If the pattern angular speed of the stellar arm is much smaller than w/d, the magnetic arm should lag between multiple spiral arms.
In our discussion 1/q > 0 appears as the tangent of the pitch angle of a spiral mode that is lagging relative to the sense of increasing angle φ 4 . We note from Eqn. 2 that
where the 'similarity class' a ≡ α/δ is a parameter of the model, which reflects the dimensions of a global constant. This quantity is discussed in some detail in Henriksen, Woodfinden & Irwin (2018) , but a simple example is afforded by a global constant GM where G is Newton's constant and M is some fixed mass. This is the global constant for Keplerian orbits. Continuing with this special example, the space-time dimensions of GM are L 3 /T 2 and, after scaling length by e δT and time by e αT (Carter & Henriksen 1991) , GM scales as e (3δ−2α)T . To hold this invariant under the scaling we must set α/δ ≡ a = 3/2, which is the 'Keplerian similarity class'. Note that this 'class', that is the ratio 3/2 of the powers of spatial scaling to temporal scaling gives Kepler's third law, L 3 ∝ T 2 for any Keplerian motion. Similarly for a global constant with dimensions of velocity a = 1, while a global constant with dimensions of specific angular momentum requires a = 2. A constant angular velocity corresponds to a = 0. A tabular summary is provided in Table A2 .
As is usual in this series of papers we write the magnetic field for dimensional convenience as
so that it has the dimensions of velocity. Here ρ is a constant not associated with the dynamo and indeed might have the value 1/(4π) in cgs units, but it is completely arbitrary. It is in fact absorbed into the multiplicative constants that appear in our solutions. In temporal scale invariance the fields must have the following forms according to their dimensions
where the barred quantities are the scale invariant fields, which are functions of the three scale invariant variables as defined in Eqns. 3. X indicates that the cross product should be taken with respect to the scale invariant variables. Eqns. 1 can always be written solely in terms of these scale invariant variables (Carter & Henriksen 1991) , so that the temporal scaling symmetry eliminates only the T dependence without additional assumptions. This is multi-variable scale invariance (Henriksen 2015; Barenblatt 1996) . Considering Eqn. 6 and Eqn. 4 we see that the amplitude time dependence is generally a power law in powers of (1 +α d αt), where the power is determined by the 'class' parameter a. Should α = 0 we find from Eqn. 4 that δT =α d δt. The field can then grow exponentially according to Eqns. 6. The helicity, velocity field and indeed the diffusivity will grow correspondingly. The time scale is controlled by the value of 1/(α d δ), which may be long. The helicity arising from the sub-scale α d , and the resistive diffusivity η, must be written according to their respective dimensions as
At this stage a substitution of the forms Eqns. 6 into Eqns. 1 yields three partial differential equations in the variables {R, Φ, Z}. However, we are seeking non-axially symmetric spiral symmetry in the magnetic fields to match the observations summarized in Beck (2015a) and Krause (2012) . Any combination of the scale invariant quantities {R, Φ, Z} will render the barred quantities in Eqns. 6 scale invariant, so we are free to seek a spiral symmetry by combining them.
We choose a combination inspired by our previous modal analysis Henriksen (2017b) and observations of 'Xtype' fields and magnetic spiral 'arms'. We assume that the angular dependence may be combined with R in a rotating logarithmic spiral form as (recalling the definition of Φ from Eqn. 3)
Moreover we combine the R and Z dependence into a dependence on the conical angle through
The linearity of Eqns. 1 allows us to seek solutions in the complex form
Note that the variable ζ is time independent. Hence the time dependence of the magnetic dynamo appears only through the amplitude factors in Eqn. 6 and through the rotation of the modal pattern contained in the variable κ.
On substituting these assumed forms into Eqn. 1 one finds that a solution is possible in terms of κ and ζ, provided that the ancillary quantities satisfȳ
The quantities denoted() and the velocity components {u, v, w} are dimensionless. They may at this stage be functions of the conical angle ζ, but in the absence of definitive observations we keep these constant in this paper. Under these conditions the Eqns. 1 become three linear equations for A(ζ),
Where the prime indicates differentiation with respect to ζ and
Here ∆ is the inverse of the definition used in Henriksen (2017b) in order to treat it as small when we wish to neglect diffusion. It might be a function of ζ at this stage. We anticipate a bit by writing the equations withb φ included explicitly (we could of course write the equations entirely in terms ofb but then the resulting field is not guaranteed to be solenoidal). This substitution is for brevity, but also becauseb φ figures explicitly in our method of reducing the equations. We have set /δ → so that the latter is now dimensionless. The angular velocity of the magnetic spiral pattern is δ. The magnetic field that follows from the curl of the potential takes the form (omitting the power law amplitude factor given in Eqns. 6
where
Eqns. 15, 14, and the second of Eqns. 6 together give the complete time dependent magnetic field. In Eqn. 15b φ , as used in Eqns. 12, is given explicitly in terms of the vector potential.
Eqns. 12 are a complicated set of three linear ordinary equations with non constant coefficients. In general this is a numerical problem of at least fourth order. However the equations simplify to a second order equation when ∆ = 0. This may be thought of as the zeroth order term in an expansion in ∆, and so we proceed with this special case in this paper. The resulting equations (Eqns. 12 with ∆ = 0) reduce to the equations used in Henriksen, Woodfinden & Irwin (2018) for the axially symmetric temporal case when m = 0.
An examination of Eqns. 12 with ∆ = 0 indicates that one can rewrite Eqns. 12 as one second order equation for A φ . The algebra is however formidable. One effective procedure is to solve the second equation forb φ in terms ofÃ φ and its derivatives. Then a substitution into the first and third equations yields two linear equations forÃr andÃz in terms ofÃ φ and its derivatives. These can be solved forÃr andÃz, which are then to be substituted into the form ofb φ given in Eqn. 15. Finally this now independent expression (Eqns. 12) does not know the form ofb φ ) forb φ (Ã φ ) is substituted into the second of Eqns. 12 to get a second order equation inÃ φ .
The resulting equation is rather elaborate in general and we will only use it in various special cases. We give instead the result before the final substitution into the φ equation of Eqns. 12 as the two respective equations forb φ
We emphasize that the second equation does not 'know' that the combination of potentials from Eqn. 15 is in fact the azimuthal field. One must thus exercise caution in using these two equations. Rather than treating them as two equations for the quantitiesÃ φ andb φ , the correct procedure is to solve them simultaneously and substitute the first into the second in order to obtain a second order differential equation forÃ φ . The resulting equation is elaborate given a general velocity field as noted above, so that it is more convenient to make the substitution after a particular velocity field has been chosen.
Subsequently the potentialsÃr andÃ φ can be found from the first and third equations of Eqns. 12. After eliminatingb φ and setting ∆ = 0 these take the forms
Once again we leave the explicit linear solution forÃr and Az for specific cases of the velocity field. Once these are found in terms of the solution forÃ φ (Eqn. 
to the bracket multiplyingb φ .
Boundary conditions
The scale invariance of our solutions does not permit boundary conditions in ζ, although the solutions behave fairly naturally there. However the galactic disk is essential to our study and generally it is not recognized by our solutions either. To obtain a solution valid for all |z| we must impose a certain symmetry on the solution at the disk that is taken to lie at z = 0. Normally we impose a 'dipolar' symmetry (e.g. Klein & Fletcher 2014 ) in which Bz is held continuous across z = 0 but Br and B φ change sign after crossing z = 0. Formally, that is to embed numerically the boundary condition into the solutions, Eqns. 15 requires for the dipole symmetry that Az change sign across z = 0 while Ar and Az do not. In addition all derivatives of A should vanish at z = 0. In practice we obtain the lower solution from the upper solution by reflecting the upper solution in the disk plane and changing the sign of the field. This requires a surface current at z = 0 because of the tangential discontinuity.
An alternate symmetry is 'quadrupolar' symmetry (e.g. Klein & Fletcher 2014) . The upper solution is simply reflected in the disk plane without a sign change. this changes the sign of Bz but not of Br or B φ . The two sides of the disk are really independent under this symmetry. Formally Eqn. 15 now requires Ar and A φ to change sign while Az does not, and all the derivatives of A to vanish at z = 0, but we proceed with the reflected upper solution to obtain the lower solution.
With either of the imposed symmetries, the velocity field must change the sign of its helicity relative to the z axis taken perpendicularly away from the pane on each side. This keeps both the tangential velocity components and the vertical velocity component (thanks to the change in direction of the z axis) continuous across z = 0.
GENERIC SCALE INVARIANT DYNAMO MAGNETIC FIELD MODES
We look at some simple cases in this section that illustrate generic properties. Specific fits to observational data require more extensive parameter searches and multiple modes. These are discussed at length in Sect. 4 that contains the principal results of this paper. The axi-symmetric mode has been discussed in detail in Henriksen, Woodfinden & Irwin (2018) . In Henriksen (2017b) the notion of a uniformly rotating 'pattern frame' as the rest frame of the dynamo magnetic field was introduced. The pattern frame may also be the systemic frame of the galaxy, in which case the absolute field rotation would be set essentially by the parameter δ. Generally we may think of this pattern frame of reference as the pattern speed of the gravitational spiral arms, and then δ measures the rotation of the magnetic arms relative to this reference frame. In the previous section we speculated that there would be a lagging phase shift relative to the stellar pattern. This is dependant on there being outflow, and so we use this as the generic case.
Outflow or Accretion in the Pattern
Reference Frame
In this section we restrict ourselves to a = 1 and u = v = 0 in the pattern frame. This allows us to study outflow from, or accretion onto, the galactic disk, which is an important observational question. We envisage application in this section to nearly edge-on galaxies, but we also display the existence of magnetic spirals in face-on disks and wound on cones in the halo. The combination of Eqn. 16 with 17 yields (the algebra can also be carried out directly from Eqns. 12 following the procedure outlined in general above) forÃ φ
where now
This equation is not invariant under a change in sign of ζ and w as we would wish for the solution to apply above and below the galactic disk. We will instead have to reflect the solution at ζ > 0 across the equatorial plane (with a sign change to keep the vertical field continuous) in order to create a symmetrical relation below the disk. We find that both components of the tangential magnetic field must be anti-symmetric across the disk (see also Henriksen 2017b). The solution is given in terms of hypergeometric functions. We use the MAPLE 5 default cuts in the complex plane fore these functions because these are continuous onto the cut from above. There are conditions for the convergence of the hypergeometric series however, With < 0 these reduce to ζ 2 < 3(1+w 2 ), which normally allows the halo to be covered adequately.
The equations for the remaining potentials may be found from Eqns. 18 and 19 in the explicit forms
and
The dynamo magnetic field now follows from Eqn. 15. We show some examples with simple parameter choices in Fig. 3 . In Fig. 3 we see a projected bi-symmetric spiral magnetic field. In principle the projected spiral structure will continue to the centre of the galaxy, but with finite observational resolution the field might be seen there as a 'magnetic bar'. The three dimensional field line structure is very markedly distributed in loops over the projected arms. This may be detected in the cube at lower left and is confirmed in Fig. 4 . At small radius the field lines continue to great heights without looping as is seen on the right in Fig. 4 . The cube at lower left of Fig. 3 also shows the field lines pointing towards the minor axis rather than away (Krause 2012) . In fact one normally finds the diverging X-type magnetic field only in the m = 0 dynamo fields (e.g. Henriksen, Woodfinden & Irwin 2018; Henriksen 2017b) . The rotation measure (RM) screen is shown in the first quadrant at lower right of Fig. 3 , but the other quadrants may be generated by imposing anti-symmetry across the plane and either antisymmetry or symmetry across the minor axis depending on odd or even modes. We see that the RM changes sign mainly in radius, which suggests recourse to an m = 0 axially symmetric component to achieve 'parity inversion' with height.
We note that the magnitude of the outflow velocity is in terms of the turbulent velocity. This may be as high as 50 km s −1 . So w = 2 implies only a modest outflow. A value more like w = 5−10 would be required to imitate the outflow velocities inferred elsewhere (Heesen et al. 2018) . As may be expected, these tend to draw the magnetic field up into the halo and erase the parity change (Henriksen 2018) .
In Fig. 4 we show on the left a magnetic field line that loops very close to the plane inside the magnetic spiral. The parameters are the same as in Fig. 3 . On the right we show a field line starting at smaller radii, but otherwise having the same set of parameters as on the left. The field line extends to great heights and crosses over the centre of the galaxy. It is important to note that these are not 'Parker loops' arising from Parker instability, but are rather intrinsic to the magnetic dynamo.
The magnetic field is in fact stronger and the spirals are better defined under accretion (w < 0) (Henriksen 2017a ). This is demonstrated in Fig. 5 . Fig. 5 shows a dramatic improvement of the projected magnetic spiral structure relative to the outflow results of Fig. 3 , both at a constant cut in z and projected onto the face of a cone. At lower left we show a poloidal section at φ = π/4 for the same accretion parameters. The field again loops above the disk, crossing over the centre of the galaxy (we have checked that the field at φ = 5π/4 has the opposite sign). The projected magnetic field is not 'X-shaped'. We have not corrected for the internal Faraday rotation of the locally produced emission in the presumed projections. 15. The radius of the galaxy is at r = 1 in these units. In terms of a parameter vector {m, q, , w, T, C1, C2}, these plots have the vector {1, 2.5, −1, 2.0, 1, 1, 0}. The radius runs over 0.15 ≤ r ≤ 1 in each case. Vectors are a fraction of the average at each point, with the maximum vector 0.5 times the average value. The figure at lower left shows different slices in 3D for the same parameter vector as the previous images, but over the range 0.25 ≤ r ≤ 1. At lower right we show the rotation measure screen in the first quadrant, it should be noted that the scaling on these values is arbitrary and depends on a multiplicative constant.
The RM screen for the same accretion case is shown at the lower right of the Fig. 5 . Although the amplitudes vary considerably, most of the high halo is of uniform sign. the strong RM extends to greater heights than with the outflow. Near the plane and near the minor axis there is a strong sign change. Rapid variation in the magnetic field is also detectable in the poloidal section at lower left of the figure. A detailed Faraday depth model would require assuming the distribution of the relativistic electrons and ideally, performing RM synthesis (or the equivalent). We are only calculating an RM screen, due solely to the magnetic field structure while assuming a constant electron density. Should both of these increase strongly with decreasing radius, our calculation mainly reflects conditions near the tangent point of the line of sight to a given circle in the disk.
In Fig. 6 we show on the left the higher order mode m = 2 for otherwise the same parameters as the accretion case in Fig. 5 . On the right we show the magnetic projected spiral structure for m = 2 and q = 1, a much larger pitch angle.
The RM screen is more structured because of the increased number of magnetic spirals in projection. The RM sign reversals continue from the disk into the halo although much of the activity is at small ζ (but moderate height). This type of oscillation in the RM was predicted in Henriksen (2017b) for modal solutions, and is confirmed here. The lack of resistivity in this analysis has not changed this behaviour very much, and so this behaviour may be generic to self-similar symmetry.
On the right hand panel of the figure we show a cut of the same example with accretion, but with a 45
• pitch angle. This may be compared to the upper right panel in Figure 4 . The closed magnetic field loop at left is for the same parameter set as in the previous figure for a = 1 and only w = 0. It begins at {r, φ, z} ={0.5, 0, 0.001} and returns to the plane after looping in the spiral arm. The loop is very close to the plane with maximum at perhaps 60 pc. The field line on the right is also for the same parameter set, but it begins closer to the centre at {r, φ, z} ={0.25, 0, 0.001}. We see that this line descends (the field line is pointing downwards) from great heights while crossing over the centre of the galaxy. • . Similar behaviour is shown in the lower right panel of Fig. 1 in Henriksen (2017b) , but again for pitch angle 21.8
• . Although we have made no attempt at a proper fit, these figures show a resemblance to the observations of NGC 4736 reported in Fig. 2 of Chyży & Buta (2008) . The current example is for the class a = 1 with infinite conductivity, while the example in Henriksen (2017b) contains finite resistive diffusion and is for the similarity class a = 2. The velocity field, helicity and diffusion (in Henriksen 2017b) all have global variations consistent with the specified a. This particular galaxy is unique only in that it shows a two-armed mode extending well into the galactic centre independent of gravitational spirals. Many similar cases of magnetic spirals exist (Beck 2015a; Wiegert et al. 2015) .
It is not obvious how the spiral arm pattern will be intersected by the line of sight (los). In our figures we have taken it to lie at about −90
• to the x axis. In Fig. 7 we illustrate the changes that may be produced by this degree of freedom. We actually rotate the field pattern relative to the line of sight direction, which may be taken at the bottom of each figure. Fig. 7 shows the effect of rotating a spiral pattern relative to the los. This will appear strongly in the structure of the RM screen, which we do not include explicitly here for brevity. However the qualitative differences between the three cases in the integration of the parallel field along each los starting from the bottom, is evident by eye. Explicit examples are given in Appendix A.
RM Screen for Face-on Galaxies
The previous section has demonstrated the existence of projected magnetic spirals in the disk and halo of a galaxy with an operating classical dynamo. These have been observed using the polarized emission from face-on and edgeon disks. However it is becoming common place to give the Faraday depth by RM synthesis for nearly face-on galaxies (e.g. Beck 2015b; Mulcahy et al. 2017) . Thus in this section we give a preliminary RM screen analysis of essentially the same model used in the previous section. We continue to hold the electron density constant but if this quantity is determined observationally, a direct comparison with Faraday depth measurements will be possible.
We take a simple case where the axially symmetric stellar galaxy is inclined at a small angle i to the line of sight (los), and the x axis in the galaxy is taken perpendicular to the los pointing along the major axis to the west (north up). This simplification produces a glitch in our calculations at φ = π/2, 3π/2 but the plotting routine is able to smooth out this effect. Just as in Fig. 3 we take = −1 so that the magnetic pattern is rotated counter-clockwise by one radian. This is of no real consequence here since we calculate the RM screen over 2π radians.
We use cylindrical coordinates relative to the minor axis of the galaxy to describe the magnetic field. These are the set {r, φ, z} at the top surface of the disk/halo, which is taken to be a cylinder of height h and radius equal to that of the disk (taken to be 1). Along the line of sight (d starting from = 0 at the top) we must calculate the new cylindrical coordinates {R( ), Φ( ), Z( )} to obtain the los magnetic field. This field is (taken positive along the los towards an observer -written here for the third or fourth quadrant) Figure 5 . The image at upper left of the figure shows a cut through the halo at z = 0.15. The vertical velocity is −2 so that there is accretion onto the disk. The other parameters are the same as in Fig. 3 , including the range of radius and a = 1. At upper right we show the spiral structure on the cone ζ = 0.25r over the same range in radius. Once again the only change is that the vertical flow is now inflow with w = −2. At lower left we show a poloidal section at φ = π/4. At lower right we show the RM screen for accretion (w = −2) with the same parameters otherwise, it should be noted that the scaling on these values is arbitrary and depends on a multiplicative constant.
Our calculations are done at small enough radius and inclination that we do not worry about edge effects.
In Fig. 8 we show on the left the integration of the magnetic field along the los over 2π radians for a m = 2 mode. Because in these models the field tends to loop over the polarization arms, the RM maxima tend to be between and on the edges of the polarization arms. The figure on the right shows the RM over the galactic plane in spherical polar coordinates. The spiral structure need not coincide with the polarization arms, although with the presence of the m=0 mode it may. By comparing the bottom two panels of the figure for the pure m = 2 mode, we infer that the central magnetic polarization arms are traced largely by the lines of nearly zero RM (light green colour in the figure) . Moreover it appears that the RM is negative on the inside of a polarization arm and positive on the outside of the arm. But this is highly model dependent and can be reversed by reversing the sign of multiplicative constants.
In Appendix A we outline the observational expectations that result from systematically varying the parameters outlined in Sects. 2 & 3. We also summarize the physical interpretation of these parameters.
Similar face on magnetic behaviour may already have been detected in IC342 (Beck 2015b) . Other face on examples from our models are presented in Appendix A. Fig. 3 at z = 0.25 but with {m, q, , w, T, C1, C2} = {1, 2.5, 0, 2, 1, 1, 0}, so that it has been rotated clockwise through one radian relative to the figure at upper right in Fig. 3 (which is also at a slightly lower cut z = 0.15). The figure in the middle has been rotated counterclockwise through 45 • relative to that at upper left, while the right figure has been rotated counter clockwise through 90 • . The line of sight is from the bottom of each figure.
FIT TO NGC 4631
In this section we will fit RM screens generated from these dynamo models to the Faraday RM map of NGC 4631 from Mora-Partiarroyo et al. (2019) . This galaxy hosts one of the largest and brightest known galactic halos (Wang et al. 2000 (Wang et al. , 2001 thought to be partly caused by gravitational interactions with neighbouring galaxies NGC 4565 and NGC 4627 (Hummel et al. 1988; Mora & Krause 2013 ). This merger is likely to have caused a starburst in the past leading to an outflow from this galaxy (Irwin et al. 2011) . This is a edgeon galaxy at an inclination of 89
• ± 1
• and an assumed distance of 7.6 Mpc (Mora-Partiarroyo et al. 2019) .
Details of the observations and reductions used to create Fig. 2 can be found in greater detail in Mora-Partiarroyo et al. (2019) and are briefly summarized below. Observations were taken using the Karl. G. Jansky Very large Array (VLA) at C-band and L-band. C-band data were selected as this is the only band at which one can expect to trace a large enough line of sight through the galaxy. A map of the Faraday depth at a resolution of 20.5 is created as shown in Fig. 2 of this paper. The mid plane of the galaxy is completely depolarized and the median error in the region used for analysis is 29.1 rad/m 2 . The Faraday rotation due to the galactic foreground is negligible in the direction of NGC 4631, Heald et al. (2009) found the galactic foreground to be −4 ± 3 rad/m 2 and Oppermann et al. (2012) found a value of −0.3 ± 2.7 rad/m 2 . Thus, the RM shown in Fig. 2 are intrinsic to NGC 4631. Heesen et al. (2018) looked at NGC 4631 as part of a sample of 12 galaxies. They found a rotational velocity of vrot = 138 km s −1 (Makarov et al. 2014) leading to an escape velocity of vesc = √ 2×vrot = 195 km s −1 , where this is the escape velocity near the mid plane of the galaxy. By fitting 1D cosmic ray transfer models they found an advection speed of 300 On the left of the figure we show the face-on RM for the parameter vector {r, i, h, m, q, , w, T, C1, C2} = {0.25, 0.12, 0.5, 2, 2.5, −1, 2, 1, 1, 0}. That is a radial cut at r = 0.25 over 0 ≤ φ ≤ 2π. The figure on the right shows in galaxy polar coordinates the RM integrated over the face of the galaxy with the same parameters as on the left. At lower left we show a cut along the los at = 0.25 for the same parameter set and at lower right we show the RM screen integrated over the face of the galaxy but in rectangular {r, φ} coordinates. The top of the figure fits smoothly on to the bottom of the figure and spiral structure is represented as inclined straight lines in the outer disk. The radius in the solution shown extends from 0 to 1 galactic radii and the angle extends from 0 to 2π. Note that the colour bars at upper right and lower right are not the same and scaling is dependant on an arbitrary multiplicative constant.
other galaxies sampled. The advection speed in the northern halo is clearly greater than the escape velocity and a net outflow from this galaxy is expected. Due to different advection speeds in the northern and southern halos the dynamo solutions with the best fits are not expected to be the same above and below the disk.
The goal of fitting the dynamo solutions to the data is to explain the reversing sign of the RM seen in the northern halo of NGC 4631. To do this a box is placed around the desired region as can be seen as the red box in Fig. 2 . This box is chosen to encompass all of the reasonably regular reversals seen in the northern halo. The uncertainty in the measurements is higher near the edges of the available data so the box is chosen to minimize this effect. There is a strong reversal on the right of the halo seen as a dark blue patch in Fig. 2 , the strength of this reversal is several times higher than seen in other reversals and its shape is noticeably more rounded. This reversal may not be due to the large scale field and may instead be another effect showing up in the rotation measure map such as a bubble. As a precaution the box is chosen to avoid this region.
The dynamo solutions are re gridded to match the RM Synthesis map of NGC 4631. The dynamo solutions are solved for up to one galactic radius on the major axis and one half galactic radius on the minor axis, the dynamo maps are resized to match NGC 4631 and properly centred to the galaxy. As mentioned in Sects. 2 & 3 the dynamo solutions contain an arbitrary multiplicative constant that makes the strength of the magnetic field arbitrary. To be able to fit these maps to the observation, the maps must be scaled to fit. To do this the region inside the box selected in the northern halo of the galaxy is taken from both the observational and theoretical maps and the observation maps are divided by the theoretical maps. The median of this new divided region is taken and used as a scaling factor. The theoretical map is multiplied by this scaling factor. This produces a new scaled dynamo map to match the scaling on NGC 4631.
Once the new scaled dynamo maps have been created they are subtracted from the observed RM Synthesis maps of NGC 4631 to create residual maps that are then used to determine how well the dynamo field fit the observational results within the given region. If the dynamo field matched the field of NGC 4631 the residual maps would be have a median of 0 rad/m 2 and a standard deviation equal to the error in the image (29.1 rad/m 2 ). These quantities as well as a goodness of fit test are used to compare how well different models fit the data. The Akaike information criterion (AIC) is used as a goodness of fit test to estimate the relative quality of the models. This is implemented using the procedure outlined in Sect. 4 of Erwin (2015) , the lower the AIC value the better the model matches the data. AIC estimates the quality of each model relative to other models given. Thus, AIC provides a method for determining which model best represents the data.
In order to determine the best fit dynamo and parameters a parameter search was done by calculating the dynamo solution for a large parameter space and then comparing each of these results to the observational map using the procedure outlined above. For the outflow and accretion models the parameter q was varied with the following values q = {0.0, 1.0, 2.5, 4.9, 11.5} corresponding to pitch angles of {90
• , 45
The parameter w was varied with the following values w = {2, 3, 4, 5, 6} for the outflow case and the negative of these for the inflow case. These values represent expected inflow and outflow velocities. The rotation parameter was varied with the following values = {−1.0, −0.5, 0.0, 0.5, 1.0}. The parameter m was varied with the following values m = {0, 1, 2} chosen to cover the first 3 possible modes. For pure rotation in the pattern frame the parameters q, , m were varied in the same manner as in the outflow/accretion cases. The parameter w was set to 0 by requirement for the model. The parameter a was varied with the following values a = {0, 1, 2} (see Table A2 ).
From this parameter space the best results are shown in Table 1 . These results were chosen because they are the only solutions which cause the standard deviation of the residual maps to be lower than the observational result. As can be seen from this table more accretion and outflow solutions cause the residual maps to be closer to zero than rotationonly solutions. These solutions, in general, also cause the standard deviation to be lower and have a lower AIC than the pure rotation cases.
We can also combine different modes from the same dynamo models (with the same parameter set) together to create a new map to fit the observational results. These maps do not have to be the same magnitude and the amplitude of each mode can be varied to account for certain modes being dominant. The spiral pitch angle is also an additional degree of freedom that can be varied for the different modes however for this analysis it is assumed to be consistent between them.
In order to test these maps we take the parameter sets from Table 1 and allow the m = 0, 1, 2 modes to mix. To do this we create another large parameter space where the amplitudes of each of these modes is varied from the following values: {−2.0, −1.5, −1., −0.5, −0.1, −0.001, 0., 0.001, 0.1, 0.5, 1., 1.5, 2.0}. The new maps created from these modes are then compared to the observational maps with the same procedure as above to determine the best fits. This is done and best results are shown in Table 2 . We show the parameter vector, median, and standard deviation within the reversal region in the northern halo, and the combined amplitudes that provide the lowest AIC value. As can be seen, the outflow/inflow solutions again perform considerably better than the rotation-only results.
The outflow solutions were improved through the combinations of different modes. The best outflow model without combining modes was model 3 with the parameter vector {m, q, , u, v, w} = {2, 2.5, 0.5, 0.0, 0.0, 5.0} which is a solution with moderate outflow wind speeds relative to other solutions. The solution with the best fit that combines several modes is model 3m with parameter vector {m, q, , u, v, w} = {m, 2.5, 0.5, 0.0, 0.0, 5.0} where we combined 3 modes (m = 0, 1, 2) with scaling factors (−0.5, −0.5, 2.0) respectively. This fit is shown in Fig. 9 . Note that once combined the solutions are rescaled to match the observed map in the method described above. This solution has a moderate outflow velocity and the magnetic spirals have a pitch angle of 22
• . A pitch angle of 22
• is typical and velocities are in units of the subscale turbulent velocity. A turbulent velocity value must be adopted to convert to physical units and a value of 50 km s −1 leads to an outflow velocity of ∼ 250 km s −1
for w = 5. This compares favourably to the measured outflow velocity for NGC 4631 from Heesen et al. (2018) and is within the error range of their value. The accretion solutions provide the best fit to the maps of NGC 4631 and an improvement to these fits is also seen when different modes are combined. As can be seen, the lowest standard deviation and AIC is provided from model 4m with parameter vector {m, q, , u, v, w} = {m, 4.9, −1.0, 0.0, 0.0, −5.0} and has scaling factors for the m = 0, 1, 2 modes of (−0.1, 1.5, 1.5). This solution is seen in Fig. 10 . This is a solution that has a moderate to strong inflow velocity and magnetic spirals with a pitch angle of 11.5
• . The strongest modes are m = 1, 2 however the m = 0 mode is present and non-negligible in the fit.
These results show that the magnetic field of NGC 4631 can be well fit by scale invariant dynamo solutions with either accretion or outflow onto/from the galaxy. This model in its present form imposes various constraints such as assuming accretion or outflow is proportional to the radius throughout the galaxy, the electron density is constant through the galaxy, and only large scale magnetic fields are seen in the observations, etc. Despite these scale invariant requirements the magnetic field of NGC 4631 using the RM maps of the galaxy was well described by RM maps of dynamo models. Dynamo solutions for rotation-only cases did, in general, not fit the observations of NGC 4631.
The fact that inflow and outflow models are quite similar makes it difficult to distinguish between the two (see Appendix A1). Nevertheless, there is a clear although marginal preference for our data to be better fit by infall models. This result was unexpected since many authors have argued Table 1 . Results of solutions where the standard deviation of the residual maps was less than the standard deviation of the NGC 4631 RM map in the specified box from Fig. 2 , indicating a good fit. No mixing of different modes was allowed in this table and the mode number is specified in the parameter vector. Left most column indicates the type of solution (inflow-only, outflow-only, or rotation-only).
The parameter vector for each solution is shown in the column second from the left. The next right two columns indicate the median and standard deviation for the desired box in the solutions (see Fig. 2 ). The rightmost column shows the AIC indicating the goodness of fit for the models. Fig. 2 ). The rightmost column is the amplitudes fo the m = 0, 1, 2 modes respectively. Note these combinations are then rescaled to NGC 4631 before creating the residual map.
for winds from NGC 4631 as well as other galaxies (Heesen et al. 2018; Hummel & Dettmar 1990; Mora & Krause 2013; Tüllmann et al. 2006 , and others).
The difference may be due to the restricted range over which our fits were carried out. However, we note that the environment of NGC 4631 shows considerable complexity because of the well-known interaction with the galaxies NGC 4656 and NGC 4627. Numerous HI spurs and tidal features are seen connecting these systems and there is also strong evidence for infalling gas (for example, see Combes 1978; Stephens & Velusamy 1990; Rand 1994; Richter et al. 2018 ).
Our models therefore have the potential to provide an important discriminator between such scenarios especially as data improve and more such systems are observed.
COMPARISON WITH PREVIOUS MODELS
X-shaped fields are seen in many edge-on galaxies (see Sect. 1) and are predicted here for the m = 0 mode, as well as in much earlier work (Brandenburg et al. 1992 (Brandenburg et al. , 1993 . The latter two papers cited contain many of the same effects that we have found, although in axial symmetry.
In (Brandenburg et al. 1992 ) the dynamo equations are integrated numerically in space and time using rather detailed assumptions regarding wind and rotational velocities, alpha effect and diffusivity. Moreover they introduce dynamo action in the halo much as do we. A significant result compared to our own findings is the complex variation with time and angle of the RM, when projected onto the galactic plane as in our section 3.2. This is shown in their Fig. 5 ; the structure varies in time much as would our fields due to pattern rotation. These authors also suggest complex parity structure in the halo, but they do not show the RM predicted for edge-on galaxies. In (Brandenburg et al. 1993 ) the same type of integration is used to produce X-type fields in the halo in axial symmetry (their Figs. 8b, 8c) . It should be noted that we agree that the m = 0 mode is required to produce the X-type fields.
The assumption of scale invariance that we use has the following advantages compared to the earlier insightful work. It offers a coherent assumption for the alpha effect in the halo, for diffusivity, and for rotational and wind velocity, which are not grossly unphysical. Because this assumption renders the solutions semi-analytic, they can be used relatively straightforwardly to fit observations as we have shown. Moreover scale invariance is a commonly occurring symmetry in complex systems and likely to be true in galaxies as the various global scaling relations (e.g. Tully-Fisher, and even the X-ray behaviour in clusters of galaxies) attest.
The agreement in qualitative behaviour between the scale invariant model and that based on numerical integration and detailed physical assumptions, is reassuring. It suggests that the qualitative behaviour is somewhat insensitive to the detailed physics underlying the model. One sees this also in approximations to the numerical studies (Chamandy et al. 2014b) . However there are some differences. Our time behaviour consists of a power law or exponential growth plus a pattern rotation. There is no predicted intrinsic oscillation as in Brandenburg et al. (1992) , although in our model the projected structure can change relative to a fixed line of sight due to magnetic pattern rotation. This oscillation might be difficult to distinguish from higher order modes. It should be noted that (see Fig. 7 and Appendix A) that our model can produce RM reversals even in axial symmetry due to pitch angle effects. However the self-similarity also restricts the variation of parity with latitude (it happens only once), which may be a distinguishing feature. It is possible that both types of reversals (m = 0 and m = n) occur in combination. Our best fits, in fact, require this.
CONCLUSIONS
Remarkable RM reversals in sign can be seen in the northern halo of RM maps of NGC 4631 as seen in figure 2 and Mora-Partiarroyo et al. (2019) . We solve the classical dynamo equations under the assumption of scale invariance, and we search for rotating logarithmic spiral modes projected on cones. The three dimensional magnetic fields also have strong poloidal components that appear to loop over the projected spirals near the disk. The model allows for corresponding velocity fields representing accretion onto the disk, outflow from the disk, and rotation-only in a disk pattern frame and we search for solutions for each case. Our models produce magnetic fields and consequently RM sign reversals when viewed edge-on. RM maps are created using a Faraday screen and are scaled to amplitude of the observed maps. Residual images are then made and used to compare how well the different models fit the data. Solutions for rotation-only cases, in general, did not fit the observations of NGC 4631 well. Outflow models provided a reasonable fit to the magnetic field structure, but the best results are found using accretion models for the specified region (boxed in Fig. 2 Table  A2 . Self Class Identification a Recall that magnetic field and velocity have the same dimensions when the field is divided by the square root of an arbitrary density. b Recall that, generally, a ≡ α/δ = p/q, where the globally conserved quantity, X, has dimensions [X] = L p /T q
APPENDIX A: GENERAL RESULTS AND OBSERVATIONAL EXPECTATIONS
In this section we display observational expectations from the magnetic fields produced from these dynamos. We begin by summarizing the different variables found in these solutions and their physical interpretation (see Table A1 ) and then move on to specific cases. The images presented in this section are RM maps that are obtained by observing the galaxy as though it were face-on or edge-on.
The parameter a, found in Eqn. 4, is the 'similarity class' of the model. This parameter represents the dimensions of a globally conserved quantity in the solutions. This is discussed in greater detail in Henriksen, Woodfinden & Irwin (2018) as well as Sect. 2. A summary of different similarity classes and their possible identifications can be found in Table A2 .
The parameter m is used in these spiral solutions to indicate the spiral mode, that is the number of spirals appearing in the solution. In Eqn. 10 solutions for the magnetic field potentialĀ are searched for in the complex form A(R, Φ, Z) =Ã(ζ)e imκ . Fig. A1 shows edge-on (top row) and face-on (bottom row) RM screens produced for different values of m when other parameters are kept constant. A number of projected magnetic spirals corresponding to the value of m can clearly be seen. The number of sign reversals in the edge-on case increases with increasing m however it should be noted that counting the number of reversals alone cannot determine the value of m seen. The spiral pitch angle discussed later can also cause the projected spiral structure to wrap more tightly or loosely causing more or less reversals to be seen in the edge-on case.
Solutions of the dynamo equations for different values of m are independent of one another, however this does not preclude that multiple solutions may be present. Solutions with the same parameter vector apart from various values of m can be combined together (e.g. solutions for m = 0, m = 1, and m = 2 can be combined to produce a new RM map).
Parameters and q appear in Eqn. 8 where they are used to define rotating logarithmic spiral forms. Parameter q represents the pitch angle of the spiral solution. The pitch angle can be found as arctan(1/q). Fig. A2 shows face-on and edge-on rotation measure screens for the same parameter vector with varying q. As can be seen a higher q decreases the angle of the magnetic spirals. In the edge-on case a lower q (higher pitch angle) causes the spirals to become more tightly wound and produces more reversals across the galaxy halo. The number of reversals seen in the edge-on case depends on both the spiral mode as well as the pitch angle in these solutions.
The parameter is a number that fixes the rate of rotation of the magnetic field in time. By varying one can rotate the field emulating its rotation with time. This is seen in Fig. A3 where magnetic structure can be seen rotating as epsilon is increased.
Parameters u, v, w are scaled cylindrical velocity components where u is in the r direction, v is in the θ direction, w is in the z direction. These are discussed further in the next section.
A1 Outflow or Accretion in the Pattern
As explained in Sect. 3, we will restrict ourselves to solutions where a = 1 and u = v = 0 to study outflow from, and accretion onto, the galactic disk. For these solutions w is allowed to vary and represents the relative amount of inflow/outflow onto the disk. A positive w indicates outflow and a negative w indicates accretion. In Fig. A4 w is varied for an accretion case where all other parameters are kept constant. As can be seen in this figure the strength of the reversals decreases as the wind speed increases, with a stronger wind producing more well defined reversals. These reversals also have a more vertical structure with less curvature to the shape of the reversals. In the w = −2 case the reversals have a more curved structure, displaying a more kidney bean like structure, while in the w = −5 case the reversals display a much more vertical structure.
Solutions for inflow (accretion) and outflow (winds) in general display similar RM maps and can be difficult to distinguish. Fig. A5 shows different cases of inflow and outflow solutions for edge-on cases. All solutions display similar spiral reversals in m = 0 cases seen as reversals across the halo in edge-on galaxies. Outflow versus inflow solutions with the same parameter sets are in general very similar, they however may not display precisely the same patterns. For example in Fig. A5 the images in the top row are for the same parameter set as the images in the bottom row with m = 0, 1, 2 from left to right respectively except the velocity in the w direction is opposite in sign. While the outflow solution for m = 0 (top left image) shows a field reversal, the inflow solution for m = 0 (bottom row) does not. Figure A1 . We show edge-on (top row) and face-on (bottom row) RM screens for the parameter vector {m, q, , u, v, w} = {m, 2.5, 0.0, 0.0, 0.0, 2.0}. This is an example of outflow-only from the rotation frame. Parameter m is allowed to vary from left to right. In the leftmost column m = 0, in the middle column m = 1, and in the rightmost column m = 2. The radius in units of the galactic radii is shown on the face-on figures. The number of magnetic spirals can be seen increase in the face-on case with the number of arms corresponding to the value of m. This arms can be seen as reversals in the edge-on screens. Figure A2 . We show edge-on (top row) and face-on (bottom row) RM screens for the parameter vector {m, q, , u, v, w} = {1, q, 0.0, 0.0, 0.0, 4.0}. The radius in units of the galactic radii is shown on the face-on figures. This is an example of outflow-only from the rotation frame. Parameter q = 1.0, 2.5, 4.9 from left to right respectively. The number of spirals remains constant however becomes more tightly would as q increase. This results in increasing the number of reversals seen in the edge-on case. Scaling depends on an arbitary multiplicative constant.
A2 Rotation-Only in the Pattern Reference Frame
In this subsection we restrict ourselves to solutions where there is rotation-only in the pattern frame by setting u = w = 0, v = 0. Unlike the previous subsection this allows a to be arbitrary and a parameter of the solutions. In Fig. A6 a is varied while all other parameters are kept constant. No discernible pattern can be distinguished between varying a as a parameter and the solutions appear to be independent from one another.
Solutions appear to contain strong kidney bean shaped Figure A3 . We show face-on RM screens for the parameter vector {m, q, , u, v, w} = {2, 2.5, , 0.0, 0.0, 4} with = −0.5, 0.0, 0.5 from left to right respectively. The radius in units of the galactic radii is shown on the face-on figures and scaling depends on an arbitary multiplicative constant. This is an example of an outflow model. The spiral pattern can be seen rotating as is varied. The parameter can be used to simulate rotation with time of the spiral pattern. Figure A4 . We show edge-on RM screens for the parameter vector {m, q, , u, v, w} = {2, 2.5, 0.0, 0.0, 0.0, w} with w = −2, −4, −5 from left to right respectively. Scaling depends on an arbitary multiplicative constant. This is an example of an accretion model. All maps show the same structure however the reversals become more spread out in the vertical direction as the wind speed increases. Reversal patterns also become more straight and less curved with increasing wind speed. Figure A5 . We show edge-on RM screens (with arbitary scaling) for the parameter vector {m, q, , u, v, w} = {m, 2.5, 0.0, 0.0, 0.0, ±2.0} where w = +2 for the top row and w = −2 for the bottom row. The parameter is is varied as m = 0, 1, 2 from left to right respectively. This figure therefore shows the same solution for outflow in the top row and inflow in the bottom row. Solutions are in general similar however not necessarily the same. Figure A6 . We show edge-on RM screens for the parameter vector {a, m, q, , u, v, w} = {a, 2, 2.5, −1.0, 0.0, 1.0, 0.0}. This is an example of rotation-only in the pattern frame. Parameter a is allowed to vary from left to right. In the leftmost column a = 0, in the middle column a = 1, and in the rightmost column a = 2. No clear pattern can be consistently discerned from variations of a. Images with the same parameter vector with a varied are visually similar to one another and do not change drastically. Note the scaling depends on an arbitrary multiplicative constant.
reversals near the disk and reversals are not seen to be linear in height above the disk, rather they curve towards the center. These solutions are distinguishable from the inflow/outflow case by these strong kidney bean shaped reversals as well as solutions being closer to the disk. Reversals in the rotation-only case appear to be bigger in radii than in the inflow/outflow case. Outside of the strong reversal regions little Faraday rotation in usually seen.
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